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A control scheme is described for slewing � exible spacecraft with both suppression of de� ection during the
slew and elimination of residual oscillations. The method minimizes the maneuver time subject to constraints on
residual vibration magnitude, sensitivity to modeling errors, rest-to-rest slew distance, and the transient de� ection
amplitude. Furthermore, a solution is sought that provides inherent fuel ef� ciency. The feasibility of the approach
is demonstrated with linear and nonlinear computer simulations.

I. Introduction

A PPLICATIONS such as reorienting the Space Shuttle with a
payloadattached to the remote manipulatorrequire large angle

slewingwith suppressionof elasticmodes.When the maneuver time
is minimized without regard to system � exibility, large amplitude
transient and steady-state oscillations may occur, especially when
the system is equipped with on–off reaction jets. The objective in
such applications is often a rest-to-rest slew with limited vibration
both during and at the end of the maneuver. For example, it may
be necessary to generate a torque pro� le such that a system like the
one shown in Fig. 1a is rotated through a desired angle µ1 , while the
de� ection µ2 remains small throughout the slew and goes to zero at
the end of the slew. A similar problem would be to move the system
shown in Fig. 1b a � nite distance, while limiting the maximum
spring compression and eliminating the residual vibration.

Considerable work has been done in recent years on the topic
of slewing with vibration control.Closed-loop,near-minimumtime
control based on Liapunov and sliding-mode techniques has been
presented.1;2 Calculus of variations was used to generate command
pro� les designed to minimize vibration in a simple � exible space-
craft model.3 Shaped torque commands constructed from � nite
trigonometric series were proposed for minimizing modal vibra-
tion in a � exible satellite system.4 Pro� les designed using optimal
control techniques were applied to a model of a spacecraft with
� exible appendages.5 Time-optimal rest-to-rest slewing of � exi-
ble systems has been investigated by several authors.6¡11 The need
to conserve jet fuel has motivated the study of fuel-optimal and
fuel/time-optimal control.12¡15

The robust method of input shaping16 has been proposed as a
controlmethod for � exiblespacecraft.Input shapingis implemented
byconvolvinga sequenceof impulses,an inputshaper,with a desired
system command to producea shaped input that then is used to drive
the system. This process is demonstrated in Fig. 2. The amplitudes
and time locations of the impulses are determined by solving a set
of constraintequations that attempt to control the dynamic response
of the system.

If the constraint equations only require zero residual vibration,
then the resulting shaper is called a zero vibration (ZV) shaper. A
ZV shaper will not work well on many systems because it will be
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sensitive to modeling errors. The earliest incarnationof ZV shaping
was the technique of posicast control developed in the 1950s.17;18

For input shaping to work well on most real systems, the constraint
equations must ensure robustness to modeling errors. Singer and
Seering16 developed a form of robust input shaping by setting the
derivative with respect to the frequency of the residual vibration
equal to zero. The resulting shaper is called a zero vibration and
derivative (ZVD) shaper.

Flexible spacecraftequippedwith on–off reactionjets cannotpro-
duce the variable-amplitudeactuation force that is usually required
with input shaping; the spacecraft must be moved with constant-
amplitude force pulses. Some heuristicmethods for extending input
shaping to the case of on–off actuators have been developed.19 Use
of constraintson the impulse amplitudeshave been used to generate

a) Rotary system

b) Linear system

Fig. 1 Simple models used to formulate de� ection-limiting input shap-
ing.

Fig. 2 Time-optimal input shaping for constant-force actuators.
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time-optimal command pro� les for on–off reaction jets. Liu and
Wie,7 Singh and Vadali,9 and Wie et al.20 demonstratedon–off input
shapingwith mass, spring,anddampersimulations.Singhoseet al.10

used a detailed nonlinear simulation of the Space Shuttle’s remote
manipulator and hardware experiments to demonstrate extra-robust
input shaping for on–off actuators. A recent extension to the pre-
ceding work has generated robust near time-optimal on–off control
that is very fuel ef� cient.21 A special case of on–off input shaping
has been shown to be the time-optimal � exible-body control for a
certain class of systems.22

The previous papers on input shaping for on–off control have
concentratedon eliminating residual vibration.No constraintswere
placed on the amplitudeof de� ection during the slew. Input shaping
is very successful at eliminating residual vibration and has the ben-
e� t of decreasing transient de� ection when compared to bang-bang
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control.23 However, the amplitude of the transient de� ection is not
limited and still can be very large. It is well known that large struc-
tural de� ections induce large internal loads, and hence, de� ection
limiting is very important.

This paper presents a robust input shaping method for limiting
de� ection during the slew. This problem is signi� cantly different
from the earlier input shapingproblemformulations.The difference
arises from the nature of the constraintequations used to design the
on–off control pro� les. Previously, constraints were placed on the
residual vibration amplitude, slew distance, etc., at a speci� c in-
stant in time—the end of the command pro� le. However, limiting
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de� ection during the slew requires constraintsover the entire period
of the slew.

Three procedures for obtaining de� ection-limiting input shapers
will be presented.The � rstmethodplacesconstraintson the extrema
points of the system’s de� ection. This method yields responses that
precisely meet the desired de� ection amplitude, but the solutions
are dif� cult to obtain when the de� ection is severely limited. The
second method yields approximate solutions by limiting the de� ec-
tion amplitude at speci� c time intervals rather than at the extrema
points. The � nal method constrains the global maximum de� ection
by placing a simulation of the system being controlled inside an
optimization loop. This method is more dif� cult to use but has the
ability to deal directly with multimode and nonlinear systems. Re-
sults from computer simulations are used throughout the paper to
illustrate key results.

II. Constraints Used for De� ection-Limiting
Input Shaping

One of the greatadvantagesof inputshapingis that it requiresonly
simple system models like the ones shown in Fig. 1. Simple models
can be used because input shaping can be made robust to modeling
errors. The robustness allows the command pro� les developed for
simple systems to work effectively on more complex systems.10;24

The amplitudes and time locations of the impulses in an input
shaper are determined by satisfying a set of constraint equations
while minimizing the maneuver duration. Except for the simplest
cases, a nonlinear optimization is used to solve for the input shaper.
The constraintsfor on–off shapingthathavebeenpreviouslyutilized
can be categorizedas follows: residualvibrationconstraints,robust-
ness constraints, requirement of time optimality, rigid-body con-
straints, constraints on the impulse amplitudes, and fuel-ef� ciency

constraints. In this paper an additional type of constraint is used:
de� ection constraints.

A. Residual Vibration Constraints
The constraint on residual vibration amplitude can be expressed

conveniently as the ratio of residual vibration amplitude with in-
put shaping to that without shaping. If we assume the system is
a second-order harmonic oscillator, or can be decomposed into a
set of second-order systems, then the vibration ratio can be deter-
mined from the expression for residual vibrationamplitude from an
impulse.25 The vibration resulting from an input shaper is the super-
position of the vibration resulting from the individual impulses that
compose the input shaper. The vibration amplitude from a shaper is
divided by the vibration from a single unity-magnitude impulse to
get a shaped vs unshaped residual vibration ratio V :

where n is the number of impulses in the input shaper, Ai and ti are
the amplitudes and time locations of the impulses, ! is the system
vibration frequency,and ³ is the damping ratio. When V is set equal
to zero, Eq. (1) is referred to as the zero vibration (ZV) constraint.

B. Robustness Constraints
In addition to limiting residual vibration amplitude, most input

shaping formulations require some amount of robustness to model-
ing errors. The earliest form of robust input shaping was achieved
by setting the derivativewith respect to the frequencyof the residual
vibration equal to zero.16 That is,

Although more effective robustness constraints have been pro-
posed,10;26;27 the ZVD constraintsgiven in Eqs. (1) and (2) are used
in this paper. Use of the ZVD constraints is justi� ed because they
are somewhat easier to describe, and the focus of this paper is on
the limitation of transient de� ections, not residual oscillations.The
alternative robustness constraints are completely compatible with
the de� ection-limitingmethods described here.

C. Requirement of Time Optimality
Given the transcendentalnature of the precedingequations, there

will always be multiple solutions to the constraint equations. To
make the solution time optimal subject to the residual vibration and
robustnessconstraints,the shapermust be made as short as possible.
Therefore, the time optimality constraint is

min.tn/ (3)

where tn is the time of the � nal impulse.

D. Rigid-Body Constraints
To ensure that the system’s mass center will move the desired

amount, constraintsmust be placed on the rigid-body response. For
example, the linearized equationsof motion of the system shown in
Fig. 1a are

J C 2m.R C L/2 2m.R C L/L

2m.R C L/L 2mL2

Rµ1

Rµ2

D
T

¡2kµ2

(4)

where J is the moment of inertia of the main body, m is the mass of
the particles at the end of the rod of length L, R is the distance from
the center of the main body to the attachment point of the rods, k is
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the rotational spring constant, and T is the torque on the main body.
For rest-to-rest slewing, the rigid-body constraints are

Pµ1.tn/ D 0 (5)

µ1.tn/ D µ1 f (6)

where µ1 f is the desired � nal slew angle. In a system such as that
shown in Fig. 1b, equations analogous to Eqs. (5) and (6) are used
to constrain the rigid-body motion. Equations (5) and (6) are used
throughoutthe remainderof thepaper to representgeneralizedrigid-
body constraints valid for both rotary and linear systems.

E. Amplitude Constraints
The time-optimal control for rest-to-rest slewing of the systems

shown in Fig. 1 subject to Eq. (1) and/or Eq. (2) has been shown
to be a multiswitch bang-bang pro� le.6¡9;11;22 Therefore, the time-
optimal input to the system under consideration must consist of
alternating positive and negative constant-amplitude force pulses.
A multiswitch bang-bang pro� le can be generated by convolving a
step input with an input shaper of the form

Ai

ti
D

1 ¡2 2 ¡2 ¢ ¢ ¢ ¡2 1

0 t2 t3 t4 ¢ ¢ ¢ tn ¡ 1 tn
(7)

where n is odd. Figure 2 demonstrates that a step convolved with
this type of an input shaper results in the desired form of command.
The amplitude of the step input is equal to the maximum actuator
effort, umax . Equation 7 leads to the following constraints on the
impulse amplitudes:

Ai D 1 i D 1; n

Ai D 2.¡1/i ¡ 1 i D 2; : : : ; n ¡ 1
(8)

The constraintsgiven by Eqs. (3) and (8) are equivalent to requiring
the time-optimal control, given actuator limitations.22 The require-
ment of Eq. (3) alone is not suf� cient because the impulse ampli-
tudes will be driven toward positive and negative in� nity by the
time-optimality requirement.

F. Fuel Ef� ciency Constraints
Solution of Eqs. (1–3), (5), (6), and (8) with V set equal to zero

will yield the time-optimal command signal subject to the ZVD
constraints. However, the resulting multiswitch bang-bang pro� le
uses a large quantity of fuel. It has been shown that relaxing the
requirement of time optimality leads to pro� les that are very nearly
time optimal, yet use considerably less propellant.12;21 One method
of obtaining fuel-ef� cient pro� les is to replace the precedingampli-
tude constraints. The fuel-ef� cient amplitude constraints force the
pro� le to consist of a series of positive pulses followed by a series
of negative pulses.21 That is, one looks for an input shaper with the
following set of impulse amplitudes:

Ai

ti
D

1 ¡1 1 ¢ ¢ ¢ ¡1 ¡1 1 ¢ ¢ ¢ ¡1 1

0 t2 t3 ¢ ¢ ¢ tn=2 t.n=2 C 1/ t.n=2 C 2/ ¢ ¢ ¢ tn ¡ 1 tn

(9)

where n is even. Figure 3 shows that a step input convolved with
this type of shaper results in a series of positivepulses followed by a

Fig. 3 Input shaping for fuel-ef� cient pro� les.

series of negativepulses. Requiring the pro� le to have this structure
introducesperiods of coasting,which leads to fuel savings.Pro� les
of this form are remarkable because they are approximately 1%
longer than the time-optimal pro� les, but they routinely decrease
fuel consumptionby30%.21 The fuel-ef� cientamplitudeconstraints
can be written as

Ai D .¡1/i C 1 i D 1; : : : ; n=2
(10)

Ai D .¡1/i i D n=2 C 1; : : : ; n

G. De� ection Constraints
Solution of Eqs. (1–3), (5), (6), and (10) will lead to fuel-ef� cient

commands that eliminate residual vibration and have some level
of robustness to modeling errors. However, the de� ection of the
system during the slew is uncontrolled.If the de� ection is large, the
system may be damaged, or the endpoint may deviate considerably
from an intendedtrajectory.To control the level of de� ection during
the slew, an expression for the de� ection as a function of the input
shaper must be obtained. The desired function can be generated
using superpositionof de� ections from individual step inputs.

An expression for the de� ection of the system shown in Fig. 1b
is derived easily. The result is applicable to other systems with one
� exible mode and a rigid-bodymode, such as the system in Fig. 1a.
The Laplace transforms of the equations of motion for the system
shown in Fig. 1b are

F.s/ D m1s2 C k x1.s/ ¡ kx2.s/ (11)

0 D m2s
2 C k x2.s/ ¡ kx1.s/ (12)

Equation (12) can be solved for x2.s/:

x2.s/ D
k

m2s2 C k
x1.s/ (13)

Combining Eqs. (11) and (13) and assuming F.s/ D umax=s [as-
suming F.t/ is a step input of magnitude umax] gives

x1.s/ D umax
m2s2 C k

s2[m1m2s2 C .m1 C m2/k]
(14)

The de� ection for this system is the change in the natural length of
the spring, which is de� ned as D.t/ D x2.t/ ¡ x1.t/. Compression
is a negative value; extension is positive. Therefore, from Eq. (13)
we have

D.s/ D
k

m2s2 C k
¡ 1 x1.s/ (15)

substituting Eq. (14) into Eq. (15) yields

D.s/ D
¡umaxm2

m1m2

1
s.s2 C !2/

(16)

where

!2 D
³

m1 C m2

m1m2

´
k (17)

Taking the inverse Laplace transform of Eq. (16), assuming zero
initial conditions,gives the de� ection from a step input as a function
of time:

D.t/ D .Dmax=2/[cos.!t/ ¡ 1] (18)

where ! is the natural frequency of oscillation and the maximum
de� ection magnitude Dmax is given by

Dmax D 2umaxm2

k.m1 C m2/
(19)

The coef� cient in Eq. (18) is written as Dmax=2 because the quantity
enclosed in the brackets has a maximum magnitude of two. A de-
� ectionequationwith a structureidentical to Eq. (18) can be derived
similarly for the system shown in Fig. 1a.
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Fig. 4 Formation of the de� ection function from piecewise-continuous
segments.

Multiple versions of Eq. (18) can be used to generate a function
that describes the de� ection throughouta slew containingmany step
inputs (a pulse in force is composedof two step inputs—one positive
and one negative delayed in time). Assuming that the command
pro� le consists of a series of pulses obtained by using Eq. (10), then
the de� ection throughout the slew is given by

D.t/ D D.m/ ¡ .m C 1/.t/ tm · t < tm C 1; m D 1; : : : ; n (20)

where

D.m/ ¡ .m C 1/.t/ D
m

i D 1

Ai
Dmax

2
fcos[!.t ¡ ti /] ¡ 1g (21)

Note the restriction presented by the quali� er tm · t < tm C 1 . The
de� ection that occurs between the � rst and second impulses of the
input, D1¡2.t/ (the periodduring the � rst pulse), is given by Eq. (20)
when m D 1. The de� ection D2¡3.t/ between the second and third
impulses is given by Eq. (20) when m D 2. This is the coasting
period between the � rst and second positive pulses (see Fig. 3). The
de� ection D3¡4.t/ that occurs during the second pulse is given by
Eq. (20) with m D 3, etc. This process of generating the de� ection
function is illustratedin Fig. 4. Equation 20 amounts to a piecewise-
continuous function composed of n � nite-length segments; each of
the segments has a limited range of applicability.

Note that the magnitudeof de� ection caused by a series of pulses
can exceed Dmax if thede� ectioncomponentsfrom individualpulses
interfere constructively.The actual value of the parameter Dmax is
not needed if we generate the constraintequations in terms of a per-
centage de� ection limit. We can form a nondimensionalde� ection
limit DL that is equal to the amplitude of the desired de� ection,
divided by Dmax . When the constraints are formed in this manner,
the parameter Dmax does not appear.

III. Limiting Local Extrema Points
One method to limit the maximum transientde� ection is to locate

all of the local extremaof the de� ection functionand place limits on
the de� ection amplitude at these instances. To obtain the extrema
points of the de� ection, Eq. (20) is differentiated with respect to

ti¡.i C 1/ D
1

!
tan¡1 sgn.A2/ sin.!t2/ C sgn.A3/ sin.!t3/ C ¢ ¢ ¢ C sgn.Ai / sin.!ti /

sgn.A1/ C sgn.A2/ cos.!t2/ C ¢ ¢ ¢ C sgn.Ai / cos.!ti /
(31)

time and the result is set equal to zero. The time values satisfying
the resulting equation correspond to the extrema points. To obtain
the general expression for the location of the extrema points, we
� rst start with the extrema point that occurs between the � rst and
second impulses.The de� ectionbetween impulses1 and 2, D1¡2.t/,
is obtained from Eq. (20) with m D 1:

D1¡2.t/ D A1.Dmax=2/[cos.!t/ ¡ 1] (22)

DifferentiatingEq. (22) and setting the result to zero, we obtain

dD1¡2

dt
D A1

Dmax

2
[¡! sin.!t/] D 0 (23)

Equation (23) is satis� ed by !t D i¼; i D 0; 1; 2; : : : . The even
values of i correspond to times when the de� ection is at a minimum
(zero), whereas the odd values of i correspond to times when the
magnitudeof the de� ection, jx2.t/¡x1.t/j, is at a maximum—these
are the times we are seeking. If we require that D1¡2.t/ given by
Eq. (22) be less than a desired value at t D ¼=!, then we have ob-
taineda de� ectionconstraintequationthat is a functionof a speci� ed
time. The constraint can be written as

D1¡2.¼=!/ D A1.Dmax=2/[cos.¼ / ¡ 1] D A1 Dmax · DL (24)

where DL is the desired nondimensionalde� ection limit. Note that
Eq. (24) is only an appropriate constraint if t D ¼=! lies between
the � rst and second impulses. If the second impulse occurs before
t D ¼=!, then there will not be an extrema point of the de� ection
between the � rst and second impulse and, therefore, Eq. (24) is not
a valid constraint.

The above process for obtaining de� ection constraints can be
repeated for all n segments of Eq. (20). The steps required for m D
2 are shown and then a general-purpose formula is given. When
m D 2, the de� ection between t2 and t3 is

D2¡3.t/ D A1.Dmax=2/[cos.!t/ ¡ 1]

C A2.Dmax=2/fcos[!.t ¡ t2/] ¡ 1g (25)

DifferentiatingEq. (25), we obtain

dD2¡3

dt
D A1

Dmax

2
[¡! sin.!t/]

C A2
Dmax

2
f¡! sin[!.t ¡ t2/]g D 0 (26)

Assuming that the impulse amplitudes are given by Eq. (10), then
Eq. (26) is satis� ed when

sin.!t/ D sin[!.t ¡ t2/] (27)

Expanding the term on the right-hand side yields

sin.!t/ D sin.!t/ cos.!t2/ ¡ cos.!t/ sin.!t2/ (28)

Dividing by cos.!t/ and rearranging terms gives

tan.!t/ D
¡ sin.!t2/

1 ¡ cos.!t2/
(29)

Finally, taking the inverse tangent gives the extrema point between
the second and third impulses:

t2¡3 D
1

!
tan¡1 ¡ sin.!t2/

1 ¡ cos.!t2/
(30)

If t2¡3 lies between the second and third impulses, then substitut-
ing t2¡3 as given by Eq. (30) into Eq. (25) and limiting the resulting
equation to below DL is an appropriate constraint. Assuming that
the impulse amplitudes are §1, the location of the extrema point
between the impulses i and (i C 1) is

where the signum function gives the sign of the impulse amplitude.
The extrema points given by Eq. (31) are substituted back into the
appropriate segment of Eq. (20) and the resulting equations are
constrainedto bebelowthe desiredde� ection limit. If the de� ection-
constraint equations are solved simultaneously with the standard
input-shapingconstraintequations(1–3), (5), (6), and (10), then the
resulting switch times will generate the de� ection-limiting on–off
command pro� le we are seeking.

To assess the above process, command pro� les were designedfor
the system shown in Fig. 1b. A natural frequencyof 0.2251 Hz was
obtained by setting m1 D m2 D k D umax D 1. A desired move
distance of 5 units was selected as a baseline case. A fuel-ef� cient
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command pro� le was obtained by solving Eqs. (1–3), (5), (6), and
(10); no de� ectionconstraintswere used.The requiredoptimization
was performed with the nonlinear optimization package GAMS.28

The resulting fuel-ef� cient pro� le consists of two positive and two
negative pulses described by

Ai

ti
D

1 ¡1 1 ¡1 ¡1 1 ¡1 1

0 1:1998 2:3854 3:8605 3:8605 5:3356 6:5212 7:7210

(32)
The de� ection resulting from the fuel-ef� cient pro� le is shown in
Fig. 5. The maximum de� ection is 0.75 units.

De� ection-limiting constraints were then added to the problem
formulation, and a new optimization was performed, with the de-
� ection limited to 0.6, so that the de� ection would be 80% of the
level with the unconstrained fuel-ef� cient pro� le. The 80% limited
command pro� le consists of three positive and three negativepulses
given by

Ai

ti
D

1 ¡1 1 ¡1 1 ¡1 ¡1 1 ¡1 1 ¡1 1

0 0:9062 1:5359 2:0527 2:7770 3:9612 3:9612 5:1454 5:8698 6:3865 7:0162 7:9224
(33)

The responseto thede� ection-limitingpro� le is alsoshownin Fig. 5.
Although the de� ection is reduced 20%, the slew duration is in-
creased only 2.6%. Note that the residual vibration is completely
eliminated by both commands.

As a more rigorous test of this method, de� ection-limiting com-
mand pro� les were designed for the nonlinear Waves In Space
Plasma (WISP) system.24 The WISP system consists of two 150-
m-long antenna booms attached to the Space Shuttle. A sketch of
the system is shown in Fig. 6. When the system is moved using
the shuttle thrusters, tens of meters of de� ection can occur at the
endpoints.

To apply the method, which is based on the simple models
of Fig. 1, to the nonlinear WISP system, a simulation of the
WISP system was performed using the nonlinear model previously
described.24 An approximate value for the fundamental period of
535 s was obtained from time response data and the damping was
approximately zero. Using these two parameters and the actuator
force-to-mass ratio, the WISP system was modeled as the system
shown in Fig. 1a. A de� ection-limiting input shaper was designed
by limiting the extrema points as described above. The de� ection
limit was set so that the tip de� ection would be 15 m. The resulting

Fig. 5 Comparison of unrestricted and de� ection-limited responses.

Fig. 6 WISP system.

Fig. 7 De� ection responses of the WISP system.

command then was used as the input to the nonlinear WISP simu-
lation. Figure 7 shows de� ection responses to a bang-bang input, a
fuel-ef� cient input, and the de� ection-limitedinput. Not only is the
residual oscillation virtually eliminated by the shaped pro� les, but
the de� ection during the slew is very close to the design value. The
pro� le designed for 15-m maximum de� ection yields a tip de� ec-

tion of 15.4 m. Although the pro� les were designed using a simple,
one-mode linear model, the robustness of the method provides ex-
cellent performance for the nonlinear system. The small level of
residual vibration results from system nonlinearities and a second
mode whose period is approximately 90 s.

Using the extrema points to limit the de� ection becomes dif� cult
when the de� ection is severely limited. A problem arises because
severe restrictions on the de� ection amplitude require the use of
numerous,short-durationpulses. Each additionalpulse leads to two
additional extrema points and consequentlytwo additionalversions
ofEq. (31). Becausethe inversetangentfunctionis used in Eq. (31), a
time value that falls within one period of the oscillation is returned.
The time value must be shifted by an appropriate multiple of the
half period to get the true time location of the extrema point. This
time shifting becomes dif� cult to implement with large numbers of
pulses and slews that take several vibration periods to complete.

IV. De� ection Sampling
In this section a procedure is presented that does not use Eq. (31);

consequently, it can be used when large decreases in the de� ection
are desired. The method is an approximate method; however, it
yields very good solutions.Rather than locate and limit the extrema
points, the de� ection given by Eq. (20) is constrained to be less
than some tolerable percentage de� ection DL at periodic instances
throughout the slew. That is, the de� ection constraints are

DL ¸
m

i D 1

Ai fcos[!.ts ¡ ti /] ¡ 1g tm · t · tm C 1

m D 1; : : : ; n

(34)

where ts are speci� c instances in time at which the de� ection func-
tion is sampled and required to be bounded by DL . The process of
de� ection sampling is illustrated in Fig. 8. Note that this procedure
does not guarantee that the de� ection will be bounded by DL at
all times, only at the sampled times. However, by making the sam-
pling points close together, the de� ection can be effectivelylimited.
The tradeoff is that as the accuracy of the solution is increased, the
number of equations that must be satis� ed increases.

Rather thanusing the � xed time intervalsamplingshownin Fig. 8,
a � xed number of samples per force pulse and coast period is used.
The primaryreasonfor this choiceis easeof implementation.During
each pulse or coast period, the de� ection constraint is given by one
of the n equations listed in Eq. (34). By using R samples during
each pulse or coast period, the constraintscan be written easily as R
versions of the n equations given in Eq. (34). That is, the de� ection
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Fig. 8 Illustration of de� ection sampling.

Fig. 9 De� ection curves of linear system for several values of the de-
� ection limit.

constraintsconsist of R versionsof Eq. (34) with m D 1; R versions
of Eq. (34) with m D 2, etc. For a given value of m, the R equations
differ in that the time locations, ts , at which they are enforced is
different.Within eachpulseor coastperiod,thede� ectionis sampled
at a resolution of .tm C 1 ¡ tm/=R.

If a � xed-time-period sampling is used instead, the de� ection
constraintthat must be used at each samplingpoint is then a function
of the impulse times. Because the impulse times are being changed
during the optimization and the change in impulse times triggers a
change in the equations being optimized, the optimizationbecomes
very dif� cult to perform.

To demonstratethe effectivenessof de� ectionsampling,new pro-
� les were designed for the system of Fig. 1b using a sampling res-
olution of R D 20. The new pro� les were designed to meet more
severe de� ection-limitingconstraints.Figure 9 shows the responses
of Fig. 5 along with responses when the de� ection is limited to 60
and 20% of the baseline level. Note that in all cases the residual
vibration is zero. Limiting the de� ection causes the slew time to
increase. The increase in slew time is small for the 80 and 60%
limited pro� les. The time penalty increases substantially as the de-
� ection limit approaches zero. Even though de� ection sampling is
an approximate method, the de� ection curves shown in Fig. 9 are
all well within 1% of the desired de� ection limit.

The effectivenessof de� ectionsamplingdependson the sampling
resolution. The appropriate choice of resolution depends on sys-
tem parameters such as natural frequency and maneuver duration;

Limiting local extrema:

Ai

ti
D

1 ¡1 1 ¡1 1 ¡2 1 ¡1 1 ¡1 1

0 97:6 180:1 284:2 372:1 495:2 618:3 706:1 810:3 892:7 990:3
(35)

De� ection sampling:

Ai

ti
D

1 ¡1 1 ¡1 1 ¡2 1 ¡1 1 ¡1 1

0 97:8 180:4 284:7 372:4 495:2 617:9 705:6 809:9 892:6 990:3
(36)

Simulation in the loop:

Ai

ti
D

1 ¡1 1 ¡1 1 ¡1 ¡1 1 ¡1 1 ¡1 1

0 100:9 178:5 276:3 363:8 479:1 507:6 623:5 708:9 804:9 885:7 989:2
(37)

however, the most important issue is the acceptable overshoot in
maximum de� ection amplitude. If the actual de� ection is permitted
to exceed DL by a few percent, then the sampling resolution can be
very coarse. Two or three samples per command pulse may be all
that is needed. If, on the other hand, the de� ection limit is a very
strict design parameter, then the sampling resolution must be in-
creasedor the de� ection limit must be decreased slightly to account
for the overshoot between sampling points.

V. Using a Simulation Inside the Optimization Loop
The � nal method presentedhere for obtainingde� ection-limiting

shapersuses a numericalsimulationwithin an optimizationloop.To
implement this scheme, the nonlinear constraint optimization soft-
ware ADS29 was used, choosing the option of modi� ed method of
feasible directions. The cost function minimized is the � nal time,
Eq. (3), subject to Eqs. (1), (2), (5), (6), and (10). The de� ectionam-
plitude constraint is handled by numerically integrating the equa-
tions of motion up to the � nal time and noting the maximum tip
de� ection. This global maximum de� ection is returned to the op-
timization and used to drive the search algorithm. All gradients
needed in the optimization method are calculated by � nite differ-
ence. Scaling of the robustness constraint (2) helps signi� cantly in
the convergenceof the optimization process.

To proceed, one chooses a particular pulse pro� le [choose a spe-
ci� c value forn in Eq. (10)]. A solutionis sought � rst, neglectingthe
de� ection amplitude information provided by the simulation; this
paves the way for “creeping up” on the solution. When the solution
without de� ection limiting is obtained, it is used as the initial guess
for the optimization,which includes the simulation feedback.When
the de� ection limiting is � rst included in the constraints, DL is ini-
tially set to a value very close to the de� ection that occurs without
any de� ection constraints.When a solution is obtained, it is used as
the initial guess for a more restrictive value of DL . The process is
repeated until the desiredvalue of DL is reached.The process is not
a requirement; however, it facilitates the optimization.

Although this method usually requires the use of several opti-
mizations, it can directly handle system nonlinearitiesif a nonlinear
simulation is used for feedback to the optimization.Furthermore, it
can easily accommodate multimode systems. To do this, one inte-
grates the multimode system equations, analogous to Eq. (4), and
constrains the globalmaximum de� ection below the speci� ed limit.
To use the � rst two de� ection-limitingmethods on multimode sys-
tems requires the generation of a multimode de� ection expression.
That is, an expression analogous to Eq. (20) must be derived that
accounts for the multiple modes.

VI. Comparison of Methods
Although the three methods described are signi� cantly different

in their approaches to the problem, they produce very similar com-
mand pro� les. Limiting local extrema and using a simulation in the
loop will produce exactly the same results if the system is perfectly
linear. De� ection sampling will not produce exactly the same result
because of its approximate nature.

When the system is nonlinear, each technique will produce a
slightly different pro� le. When applied to the WISP system with a
15-m de� ection limit, the techniquesyield the following pro� les:
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Fig. 10 Comparison of WISP response to three different pro� les.

Fig. 11 WISP responses to single- and two-mode pro� les.

The response to each of these pro� les is shown in Fig. 10. All
threemethods limit the de� ection to near the 15-m limit and produce
very small levels of residual vibration.

VII. Multimode Systems
As mentionedpreviously,the small level of residual oscillationof

theWISP systemis composedpartlyof a secondarymodewith a 90-s
period.A commandpro� le was generatedusingde� ection sampling
to eliminate this secondary mode by simply enforcing a second set
of ZVD constraints at this higher mode. Figure 11 compares the
response of this two-mode pro� le to the three responses shown in
Fig. 10. The secondary mode has been completely eliminated. The
downward trend in the response from 1000 to 1200 s is caused by
the small-amplitude residual vibration of the low mode.

Note that the de� ection of the second mode was not limited, only
its residual amplitude.That is, the de� ection constraintswere based
on the single-mode de� ection expression given in Eq. (34). Multi-
mode de� ection constraints were not needed in this case because
the � rst mode dominates the transientde� ection amplitude.If a sec-
ondary mode contributes signi� cantly to the de� ection amplitude,
then a two-mode de� ection expression must be used with de� ec-
tion sampling. The process of limiting the local extrema gets pro-
hibitively complicated for multimode systems. Multimode system
de� ections are handled without added dif� culty by the simulation-
in-the-loop method.

VIII. Conclusions
Methods for limiting both transient and residual oscillationsdur-

ing the rest-to-rest slewing of � exible spacecraft have been pre-
sented. The techniques use a specialized form of input shaping to
create appropriate on–off command pro� les. Three procedures are
presented for designing the necessary input shaper: 1) the extrema
points of the de� ection were located and limited, 2) the de� ection
was limited at discrete time locations, and 3) a simulation of the
system was placed inside an optimization loop. Procedure 1 yields
exact solutionsbut is dif� cult to implement when severe limitations
are placed on the de� ection or the system has multiple modes. Pro-
cedure 2 is the most straightforwardand can be used effectively for
cases of severe de� ection limiting. Procedure 3 is both exact and
direct but requires several optimizations.

The procedureswere combinedwith previous input shaping tech-
niques to obtain near time-optimal command pro� les that robustly
eliminate residual vibration and are very fuel-ef� cient. The de� ec-
tion and residual oscillation reduction was demonstratedwith com-
puter simulations.Furthermore, the robustnessof the techniquewas
demonstrated with the use of nonlinear simulations.
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